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CONTROLLABILITY - A KEY PROPERTY ACROSS MULTIPLE DOMAINS

United States
transmission grid
Source: FEMA




o Number of agents in the network: N
|
m o State of agent-i: z; € R™

o v; € RP and y; € RP denote the input and output of agent-i
o Dynamics of agent-i:
;= Ax; + Bv;

1
yi= Cx; )

where A € R*"*", B € R"*P and C € RP*X"™
Fiaure: Diffusively coupled networked multi-agent system

o Agents are interconnected via diffusive coupling over an undirected graph G = (V, £, T") with Laplacian L 2 D —T"
o Leader set: S, 2 {s1,...,8m} CV

N
u; + Z'yijC(xjf:pi) i€ Sm
j=1

)

o Control input to individual agent: v; = N
> i Clxy — x4) otherwise
j=1

Controllability

Consider the networked multi-agent system defined by (1)-(2). This system is controllable if for any &,, & € RN™, there
exist a finite 7 > 0 and control input u;, i € Sy, such that the control input transfers overall state of the system (1)-(2)
from [21(0),...,zNn(0)] =&, to [z1(7),...,zNn(T)] = &.
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Z1 Usy :
ERNn, U= G = 1 (row - s1)

o Define: X = € R™P,

TN Usm,
e Overall dynamics of the network:
X=(In®A-L®BC)X +(G® B)U

o Spectral decomposition of L:
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Theorem 1
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Consider the networked multi-agent system defined by (3). This system is controllable if and only

if the following conditions hold true:

(I) For each A; € spec(L), none of the left eigenvectors of (A — X\; BC) are orthogonal to B.

m
an > ¢§j ;#0foralli=1,..., N, ie., the pair [L,G] is controllable.
j=1 !
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T
A-L®BC)o A-L®BC)To
o Controllability Gramian: W(T, Si,) :/6(1N® Lero (GGT®BBT)6(IN® LOBOTE 45
0

o Trace of the controllability Gramian has an inverse relationship with the lower bound on control effort, and therefore
its maximization can be used for optimal leader selection®.

Proposition 1
Trace of the controllability Gramian W(T), Sy, ) is a modular set function, and hence the set of
(m + 1) optimal leaders contains the set of m optimal leaders.

THANK YOU!
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